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A variational meshfree method has been developed to evaluate the stress intensity factors of mixed mode
crack problems. The stiffness is evaluated by regular domain integrals and shape functions are deter-
mined by both the radial basis function (RBF) interpolation and the moving least-square (MLS) method.
The stress intensity factors are obtained by two boundary integrals with variation of crack length. Appli-
cations of the proposed technique to two-dimensional fracture mechanics have been presented and com-
parisons are made with benchmark solutions. Finally, the application of the proposed method to
modelling fatigue crack growth is presented.
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The fundamental postulate of linear elastic fracture mechanics
(LEFM) is that the behaviour of cracks is determined by the value
of stress intensity factor. Furthermore, the knowledge of the stress
intensity factor is necessary for the evaluation of the residual
strength of cracked structural components, the evaluation of the
critical crack-lengths and the determination of rates of crack-
growth in fatigue.
There are several popular numerical methods that can be used
for the evaluation of stress intensity factors. They include the Finite
Element Method (Henshell and Shaw, 1976; Hellen, 1975; Moran
and Shih, 1987), the Boundary Element Method (Aliabadi et al.,
1989; Portela et al., 1992; Sladek and Sladek, 1995; Sollero and
Aliabadi, 1995; Wen et al., 1998a,b,2008), Extended Finite Element
Method (Belytschko and Black, 1999; Asferg et al., 2007) and a re-
cently developed Material Force Method (Steimmann, 2000). A re-
view of different methods for the evaluation of stress intensity
factors can be found in Aliabadi and Rooke (1991).
Recently, meshless or meshfree approximations (Belytschko
et al., 1994; Atluri and Zhu, 1998) have received much interest
since they eliminate the need for a structured grid and are hence
considerably less user intensive than the traditional ﬁnite element
method. The moving least squares (MLS) approximation is gener-ll rights reserved.
Aliabadi).ally considered as one of several schemes to interpolate discrete
data with a good accuracy. The order of continuity of the MLS
approximation is given by the minimum between the orders of
continuity of the basis functions and that of the weight function.
Therefore, continuity can be tailored to a desired value (Sladek
et al., 2009). The treatment of crack discontinuities has been ana-
lysed in different ways in the meshless approximation (Organ et
al., 1996; Ferro and Ventura, 2003).
A recent approach used for modelling discontinuities due to
cracks in both meshless and FEM is based on the introduction of
discontinuous enrichment functions (Organ et al., 1996). Carpinteri
et al. (2003) proposed the method where the crack is virtually ex-
tended in the direction of the tangent at the crack tip. Another
application of meshfree method to linear elastostatic fracture
mechanics, that is, evaluation of stress intensity factors and analy-
sis of crack growth were reported by Fleming et al. (1995) and Rao
and Rahman (2001) using enriched basis functions in the moving
least-square interpolation. However, their method is computation-
ally time consuming as the coefﬁcient matrix must be inverted at
each Gauss integration point. To overcome this difﬁculty, Wen
and Aliabadi (2007) developed a meshfree Galerkin method using
enriched radial basis function for pure mode fracture problems.
Other contributions to the application of meshfree and meshless
methods to fracture mechanics can be found in Sladek et al.
(2005), Mohit et al. (2010), Wen and Aliabadi (2009), Rao and
Rahman (2003), Simonsen and Cerup (2004), Xu and Saigal
(1998) and Hardy (1971).
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Galerkin method for solving mixed-mode static fracture problems
is presented with radial basis function interpolation and moving
least-square method. A variational technique is developed for use
with the element free Galerkin method to determine mixed-mode
stress intensity factor of reference problems of mixed-mode. The
accuracy and convergence of this method has been demonstrated
with a rectangular sheet containing edge crack. Finally, the appli-
cation of the method to crack growth problem is presented.
2. Element free Galerkin method
Consider the domain X enclosed by boundary C, we have the
total potential energy with
P ¼ U W ð1Þ
where the initial elastic strain energy is deﬁned
U ¼ 1
2
Z
X
rTðyÞeðyÞdXðyÞ ¼ 1
2
Z
X
eTðyÞDeðyÞdXðyÞ ð2Þ
where the Hooke’s law is represented by r = De and the external
energy, the sum of contributions from known interior and boundary
forces, is
W ¼
Z
X
uTðyÞbðyÞdXðyÞ  q
Z
X
uTðyÞ€uðyÞdXðyÞ
þ
Z
C
uTðyÞtðyÞdCðyÞ ð3Þ
where b = {b1,b2}T is the body force vector, t = {t1, t2}T in which
ti = rijnj or t = r  n is the vector of traction on the boundary, and
ni is a unit outward normal vector. We assume that the displace-
ments u(y) at the ﬁled point y = (y1,y2) can be approximated in
terms of the nodal values in a local domain (see Fig. 1) as
uiðyÞ ¼
Xn
k¼1
/kðy; xkÞu^ki ¼ Uðy; xÞu^i ð4Þ
where Uðy;xÞ ¼ f/1ðy;x1Þ;/2ðy;x2Þ; . . . ;/nðy;xnÞg and u^i ¼ fu^1i ; u^2i ;
. . . ; u^ni gT; i ¼ 1;2; u^ki ðxkÞ is the nodal values at collocation point
xk ¼ xðkÞ1 ; xðkÞ2
n o
; k ¼ 1;2; . . . ;n; /k represent the shape function
and n is the total number of node in the local support domain,
which is a function of ﬁeld point y. For two dimensional problems,
we can rearrange the above relations as following
uðyÞ ¼ fu1;u2gT ¼ Uðy;xÞu^
Uðy;xÞ ¼ U 0
0 U
" #
¼ /1 0 /2 0 . . . /n 0
0 /1 0 /2 . . . 0 /n
 
u^ ¼ u^11; u^12; u^21; u^22 . . . ; u^n1; u^n2
 T
ð5ÞFig. 1. Sub-domain Xy for RBF interpolation of the ﬁeld point y and support
domains:  node in domain XI; node in domain XII; node on interface.Therefore, the relationship between strains and displacements is gi-
ven by
eðyÞ ¼
@/1
@y1
0 @/2
@y1
0 . . . @/n
@y1
0
0 @/1
@y2
0 @/2
@y2
. . . 0 @/n
@y2
@/1
@y2
@/1
@y1
@/2
@y2
@/2
@y1
. . . @/n
@y2
@/n
@y1
2
664
3
775u^ ¼ BðyÞu^ ð6Þ
Considering the variation of total potential energy, with respect
to nodal displacement, gives
dP ¼ dU  dW ¼ 0 ð7Þ
Substituting u ¼ Uu^; e ¼ Bu^ and r ¼ De into Eq. (7) yields a set of
2  N linear algebraic equations in the global coordinate system
½K2N2Nu^2N ¼ f2N ð8Þ
where N is the total number of nodes (collocation point), and the
stiffness and mass matrices are deﬁned as
K ¼
Z
X
BTðx; yÞDðyÞBðx; yÞdXðyÞ ð9Þ
and the nodal force vector is
f ¼
Z
X
UTðx; yÞbðyÞdXðyÞ þ
Z
Cr
UTðx; yÞtðyÞdCðyÞ ð10Þ
where Cr denotes the boundary on which the traction is speciﬁed.
For concentrated forces acting at the node i, we may determine the
nodal force vector directly by
f i ¼ Fi1; Fi2
n oT
ð11Þ
where F1 and F2 denote the values of concentrated force either on
the boundary (external applied force) or in the domain (inner body
force).
3. The approximation scheme
3.1. Radial basis function interpolation
The multiquadric RBF was introduced by Hardy Hardy (1971)
for interpolation of topographical surfaces and an enhanced multi-
quadrics scheme was developed for spatial approximations by
Kansa [Kansa, 1991, 1991]. Since all radial basis functions are de-
ﬁned globally, the resulting matrix for interpolation is dense and
can be ill-conditioned, particularly for a large number of interpola-
tion points. It also poses serious stability problems and is compu-
tationally inefﬁcient. To overcome this problem, a support domain
technique has been introduced. A sub-domain Xy as shown in
Fig. 1 is the neighbourhood of a ﬁeld point y and is called support
domain. For mixed-mode crack problems, sub-region technique as
shown in Fig. 1 is utilised in this paper. The distribution of function
u in the sub-domain Xy over a number of randomly distributed
notes {xi}, i = 1,2, . . . ,n can be interpolated, at a ﬁeld point y, by
uðyÞ ¼
Xn
i¼1
Riðy;xiÞai ¼ Rðy; xÞaðyÞ ð12Þ
where R(y,x) = {R1(y,x),R2(y,x), . . . ,Rn(y,x)} is a set of radial basis
functions centred at point y, fakgnk¼1 are the unknown coefﬁcients
to be determined. The radial basis function is selected to be the fol-
lowing in this paper
Rkðy;xkÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2 þ jy  xkj2
q
ð13Þ
where c is a free parameter. From the interpolation strategy in Eq.
(13), a linear system for unknown coefﬁcients a become
R0a ¼ u^ ð14Þ
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R0 ¼
R1ðx1;x1Þ R2ðx1;x2Þ . . . Rnðx1;xnÞ
R1ðx2;x1Þ R2ðx2;x2Þ . . . Rnðx2;xnÞ
: : . . . :
: : . . . :
: : . . . :
R1ðxn;x1Þ R2ðxn;x2Þ . . . Rnðxn;xnÞ
2
666666664
3
777777775
ð15Þ
As the RBF are positive deﬁnite, the matrix R0 is assured to be
invertible. Therefore, we can obtain the vector of unknowns from
Eq. (14)
a ¼ R10 ðxÞu^ðxÞ ð16Þ
So that the approximation u(y) can be represented, at domain point
y, as
uðyÞ ¼ Rðy; xÞR10 ðxÞu^ðxÞ ¼ Uðy; xÞu^ ¼
Xn
k¼1
/ku^k ð17Þ
where the shape function is deﬁned by
Uðy; xÞ ¼ Rðy; xÞR10 ðxÞ ð18Þ
It is worth noticing that the shape function depends uniquely on the
distribution of scattered nodes within the support domain and has
the property of Kronecker Delta. As the inverse matrix of coefﬁcient
R10 ðxÞ is a function of distributed node xi in the support domain
only, it is much easier to evaluate the partial derivatives of shape
function with respect to the ﬁeld point. From Eq. (17), the ﬁrst
derivative of displacement with respect to the domain ﬁeld point
y can be obtained directly
u:kðyÞ ¼ U;kðy; xÞu^ ¼
Xn
i¼1
/i;ku^i; k ¼ 1;2 ð19Þ
where
U;kðy;xÞ ¼ R;kðy;xÞR10 ðxÞ ð20Þ
From Eq. (13), we have
Ri;kðy; xiÞ ¼
yk  xðiÞkﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2 þ jy  xij2
q ð21Þ
In order to guarantee unique solution of the interpolation problem
(Golgerg et al., 1996), a polynomial term should be added to the
interpolation in Eq. (12) as
uðyÞ ¼
Xn
k¼1
Rkðy; xÞak þ
Xt
j¼1
PjðyÞbj ¼ R0ðy;xÞaþ PðyÞb ð22Þ
along with the constraints
Xt
j¼1
PkðxjÞaj ¼ 0; 1 6 k 6 t ð23Þ
where fPkgtk¼1 is a basis for Pm1, the set of d-variate polynomials of
degree 6m  1, and
t ¼ mþ d 1
d
 
ð24Þ
is the dimension of Pm1. A set of linear equations can be written, in
the matrix form, as
R0aþ PTb ¼ u^; Pa ¼ 0 ð25Þwhere matrix
PðxÞ ¼
P1ðx1Þ P2ðx1Þ . . . Ptðx1Þ
P1ðx2Þ P2ðx2Þ . . . Ptðx2Þ
: : . . . :
: : . . . :
: : . . . :
P1ðxnÞ P2ðxnÞ . . . PtðxnÞ
2
666666664
3
777777775
ð26Þ
Solving equations in Eq. (25) gives
b ¼ PTR10 P
	 
1
PTR10 u^;
a ¼ R10 I P PTR10 P
	 
1
PTR10
 
u^ ð27Þ
where I denotes the diagonal unit matrix. It is clear that the coefﬁ-
cients a and b are functions of nodal coordinate x in the support do-
main only. In addition, the accuracy has been shown to be the same
by using RBF with/without these polynomials. Therefore, the shape
functions with radial basis function are selected by Eq. (13) for sim-
plicity in the following analysis.
3.2. Moving least-square method
To interpolate the distribution of function u in the sub-domain
Xy over a number of randomly distributed nodes {yi}, i = 1,2, . . . ,n,
the approximation of function u at the point y can be expressed by
uðyÞ ¼ pðyÞTaðyÞ ð28Þ
where a(y) is a vector of unknown coefﬁcients and p(y)T = {p1(y),
p2(y), . . . ,pm(y)} is a complete monomial basis, m denotes the num-
ber of terms in the basis, i.e. for two dimensional problems
pTðyÞ ¼ f1; y1; y2g; linear basis m ¼ 3 ð29Þ
pTðyÞ ¼ 1; y1; y2; y21; y1y2; y22
 
; quadratic basis m ¼ 6 ð30Þ
The unknown coefﬁcient vector a(y) is determined by minimising L2
norm with a weighted function w(y,x) as
JðaÞ ¼
Xny
i¼1
wiðy;xÞ½pTðxÞaðyÞ  u^iðxÞ2 ð31Þ
where xi denotes the position vector of node i in the support do-
main, wi(y,x) the weight function associated with the node i with
wi(y,x) > 0 for all x in the support domain and ~uiðxÞ is the ﬁctitious
nodal values, but in general not the values of the unknown trial
function at the nodes, uiðxÞ. The stationary value of J(a) with respect
to a(y) leads to a linear relation between the coefﬁcient vector a(y)
and the vector of ﬁctitious node values u^ as follows:
AðyÞaðyÞ ¼ BðyÞu^ ð32Þ
where matrices A(y) and B(y) are deﬁned by
AðyÞ ¼ pTwp ¼
Xn
i¼1
wiðy;xÞpðxiÞpTðxiÞ ð33Þ
BðyÞ ¼ pTw ¼ ½w1ðyÞpðx1Þ;w2ðyÞpðx2Þ; . . . ;wnðyÞpðxnÞ ð34Þ
TheMLS approximation is well deﬁned only when thematrix A(y) in
Eq. (33) is non-singular. A necessary condition to satisfy this require-
ment is that at least m weight functions are non-zero (i.e. n >m) for
each samplepointy 2X and that thenodes inXywill not by arranged
in a special pattern such as on a straight line. Solving linear equations
in Eq. (32) for coefﬁcients a(y) gives following relation
uðyÞ ¼ UTðy;xÞu^ ¼
Xn
i¼1
/iðy;xiÞu^i ð35Þ
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UTðy;xÞ ¼ pTðyÞA1ðy;xÞBðy; xÞ ð36Þ
or
/iðy;xÞ ¼
Xm
j¼1
pjðyÞ½A1ðy;xÞBðy;xÞji ð37Þ
Usually /i(y,x) is called as the shape function of the MLS approxi-
mation corresponding to the nodal point xi. Like RBF interpolation,
the support area of the nodal point xi is taken to be a circle of radius
dy centred at xi. The selection of the radius dy is important in the
MLS approximation because it determines the range of the interac-
tion between the degrees of freedom deﬁned at the considered
nodes. The size of the support domain (dy) should be sufﬁciently
large to cover the nodes in the domain of deﬁnition hence ensuring
the regularity of the matrix A. In the numerical process, the radius
dy will be determined by the minimum number of n in the sub-do-
main. A fourth order spline type weight function is deﬁned as
wiðy; xiÞ ¼ 1 6
r
dy
	 
2
þ 8 rdy
	 
3
 3 rdy
	 
4
; 0 6 r 6 dy
0; dy 6 r
8<
: ð38Þ
where r = jy  xij. As the matrices in the shape function A1(y,x) and
B(y,x) in Eq. (37) are functions of ﬁeld point and node position in
the support domain, the determination of high order derivatives
of shape function with respect to the ﬁeld point ywill become more
complicated in the numerical process.
4. Numerical process to evaluate stiffness matrix
To determine the stiffness matrix K in Eq. (8), a domain integral
in Eq. (9) over the domain X should be carried out. The 2D domain
integral over a rectangular of area A is approximated by the Gauss-
ian integration formulaZZ
A
f ðy1; y2Þdy1 dy2  A
XL
l2¼1
XL
l1¼1
wl1wl2 f y
l
1; y
l
2
  ð39Þ
where wl denotes the weight of integral, l = (l1, l2), L the number of
Gaussian points and yl1; y
l
2
 
the coordinate of Gaussian points. If do-
main X is divided into M sub-domains, then the stiffness and mass
matrices can be written as
KðxÞ ¼
XM
m¼1
XL
l2¼1
XL
l1¼1
wl1wl2
Am
4
BTðx; ymlÞDðymlÞBðx; ymlÞ
¼
XM
m¼1
XL
l2¼1
XL
l1¼1
DKml ð40Þ
where the integration points yml ¼ yml1 ; yml2
 
and coefﬁcients wl in
Eq. (39) are given, if L = 4, by
ymð1;2;3;4Þ ¼ ym1 
ﬃﬃﬃ
1
3
r
h1; ym2 
ﬃﬃﬃ
1
3
r
h2
 !
; w1;2;3;4 ¼ 14 ð41Þ
in which ym1 ; y
m
2
 
presents the centre of sub-integral domain with
area Am (rectangular), h1 and h2 are half of the width and height
of the rectangular region respectively and Am = 4h1h2. For each
Gaussian point yml, the element in the stiffness sub-matrix DKml
can be calculated byDKml ¼ AmEð1 mÞ
4ð1þ mÞð1 2mÞ
@/i
@y1
@/j
@y1
þ 12m2ð1mÞ @/i@y2
@/j
@y2
m
1m
@/i
@y1
@/j
@y2
þ 12m2ð1mÞ @/i@y2
m
1m
@/i
@y2
@/j
@y1
þ 12m2ð1mÞ @/i@y1
@/j
@y2
@/i
@y2
@/j
@y2
þ 12m2ð1mÞ @/i@y1
@/
@y
2
4where i and j denote the number of nodes in the local support do-
main centred at yml, /i = /i(yml,x), i, j = 1,2, . . . ,n(yml), as shown in
Fig. 2.5. Variational technique to evaluate SIF
To obtain stress intensity factor for either static or dynamic
problem, one needs a static reference problem to be solved (Wen
et al., 1997]). Let Ct and Cu be the traction and displacement
boundaries respectively and consider a reference problem with a
variation da of crack length along the crack surface (see Fig. 3),
i.e. the collocation coordinate of crack tip xa = (a,0). The variations
of displacement and traction with respect to a are dtk/da and duk/da,
respectively. Since dtk/da = 0 on the traction boundary, and duk/
da = 0 on displacement boundary, the mixed-mode stress intensity
factors KI and KII are determined by the following integral (see
Appendix A for derivation):
K I ¼ lð1 mÞð1þ w2Þ
Z
Ct
duk
da
 
t0k dC
Z
Cu
dtk
da
 
u0k dC
  !1=2
and
K II ¼ wK I ð43Þ
where t0k and u
0
k are given boundary conditions of traction and dis-
placement and
w ¼ Du1
Du2
¼ u1ðr0;pÞ  u1ðr0;pÞ
u2ðr0;pÞ  u2ðr0;pÞ ð44Þ
Du2 and Du1 are opening and sliding displacements on the crack
surface near crack tip, r0 is the distance between consideration
point and crack tip as shown in Fig. 2. Variation with respect to
the crack length of static problem in Eq. (8) gives
dK
da
 
u^þ K du^
da
 
¼ 0 ð45Þ
Thus we have
du^
da
 
¼ K1 dK
da
 
u^ ð46Þ
For each Gaussian point yml, the element in the sub-matrix of vari-
ations, dDKml/da, can be obtained
dðDKmlÞ
da
¼ AmEð1 mÞ
4ð1þ mÞð1 2mÞ
kl11;a k
l
12;a
kl21;a k
l
22;a
2
4
3
5
ij
ð47Þ
where
kl11;a¼
@/i;a
@y1
@/j
@y1
þ@/i
@y1
@/j;a
@y1
þ 12m
2ð1mÞ
@/i;a
@y2
@/j
@y2
þ@/i
@y2
@/j;a
@y2
 
ð48aÞ
kl12;a¼
m
1m
@/i;a
@y1
@/j
@y2
þ@/i
@y1
@/j;a
@y2
 
þ 12m
2ð1mÞ
@/i;a
@y2
@/j
@y1
þ@/i
@y2
@/j;a
@y1
 
ð48bÞ
kl21;a¼
m
1m
@/i;a
@y2
@/j
@y1
þ@/i
@y2
@/j;a
@y1
 
þ 12m
2ð1mÞ
@/i;a
@y1
@/j
@y2
þ@/i
@y1
@/j;a
@y2
 
ð48cÞ
kl22;a¼
@/i;a
@y2
@/j
@y2
þ@/i
@y2
@/j;a
@y2
þ 12m
2ð1mÞ
@/i;a
@y1
@/j
@y1
þ@/i
@y1
@/j;a
@y1
 
ð48dÞ
where k,a = dk/da and /,a = d//da represent the variations of the ele-
ment in stiffness matrix and shape function with respect to crack
tip coordinate a.@/j
@y1
j
1
3
5
ij
¼ AmEð1 mÞ
4ð1þ mÞð1 2mÞ
kl11 k
l
12
kl21 k
l
22
" #
ij
ð42Þ
2I-1 
2I
2J-1 2J
2i-1 
2i
2j-1 2j
lk22
lk12
lk21
lk11
2N×2N 2n(y)×2n(y) 
K 
mlKΔ
Fig. 2. Stiffness matrix forming process, where i and j are node numbers in the support domain for integral Gaussian point l; I and J are numbers in the global system of nodes
i and j respectively.
crack tip
δa 0r
Fig. 3. Variation of crack length da along the crack surface: reference point.
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Considering Eq. (18), for the simplicity of analysis, the variation
of shape functions with respect to the crack tip coordinate a
becomes
f/1;a;/2;a; . . . ;/n;ag ¼
dUðy; xÞ
da
 
¼ dRðy; xÞ
da
 
R10 ðxÞ þ Rðy;xÞ
dR10 ðxÞ
da
 !
ð49Þ
Then the variations of the ﬁrst derivative can be obtained
@/1;a
@yi
;
@/2;a
@yi
; . . . ;
@/n;a
@yi
 
¼ @
@yi
dUðy;xÞ
da
 
¼ @
@yi
dRðy;xÞ
da
 
R10 ðxÞ
þ @Rðy;xÞ
@yi
 
dR10 ðxÞ
da
 !
ð50Þ
As R10 R0 ¼ I, the variations of inverse matrix R10 is obtained
dR10
da
 !
¼ R10
dR0
da
 
R10 ð51Þ
Therefore, by solving Eq. (46), the variations of displacement can be
obtained. After that, the variations of stress/traction can be written
as
dr
da
 
¼ D B du^
da
 
þ dB
da
 
u^
 
and
dt
da
 
¼ dr
da
 
 n ð52Þ
where n is vector of normal on the boundary.
5.2. Moving least-square method
The variation of shape function by the moving least-square
method with respect to crack length can be obtained from Eq.
(37) by straight forward differentiation as/i;aðy; xiÞ ¼
Xn
i¼1
pi;a A
1B
	 

þ pi fA1g;aBþ A1B;a
	 
h i
ð53Þ
As A1A = I, the derivative of the inverse of matrix A with respect to
the coordinate of crack tip a is given by
fA1g;a ¼
dA1
da
 !
¼ A1A;aA1 ð54Þ
The variations of the partial derivatives of shape function are eval-
uated, from Eq. (53), by
/i;kaðy;xiÞ ¼
Xn
i¼1
pi;ka A
1B
	 

þ pi;k fA1g;aBþ A1B;a
	 
h
þpi;a fA1g;kBþ A1B;k
	 

þ pi fA1g;kaB
	
þfA1g;kB;a þ fA1g;aB;k þ fA1gB;ka

i
ð55Þ
in which
fA1g;ka ¼ A1A;kA1A;aA1  A1A;kaA1 þ A1A;aA1A;kA1: ð56Þ
The ﬁrst and second derivatives of matrices A and B can be easily
obtained from Eqs. (33) and (34) respectively. In fact, if the crack
tip does not exist in the support domain, the variations of shape
function should be zero. Therefore, there are very few non-zero ele-
ments in the matrix of variation dKda
 
.
6. Numerical examples and discussions
6.1. Rectangular sheet with an edge slant crack under uniform and
bending loads
Consider a rectangular sheet of width b and length 2.5b with a
slant edge crack of length a subjected to a uniformly distributed
load r0 and moment M0 at the ends as shown in Fig. 4. The crack
is inclined at an angle a at the direction perpendicular to the trac-
tion direction. The free parameter in the enriched radial basis func-
tion Rk(y,x) in Eq. (13) is selected as c = 0.2b. The studies of
sensitivity for these parameter selections were presented in the
work by Wen and Aliabadi (2007). The total number of node is
1177 which are uniformly distributed in the domain and on the
boundary as shown in Fig. 4, where the slant angle of cracka = 45.
It is worth to point out that for the variational technique; there is
no need to use the enriched radial base function near crack tip to
capture the stress singularity. In this case, the Young’s modulus E
is chosen as one unit and Poisson ratio m = 0.2. The domain integra-
tion is performed by dividing the rectangular sheet into
0.05b  0.05b cells with 4  4 Gaussian points in each cell. The
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Fig. 6. Normalised stress intensity factor KII with uniformly distributed load.
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Fig. 4. Geometry of rectangular plate with an edge slant crack and uniform
distribution of nodes.
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moving least-square method is selected as a circle of radius dy cen-
tred at ﬁeld point y, which is determined such that the minimum
number of nodes in the sub-domain n > N0, here the number of
nodes N0 is selected to be 10 for all examples. However, we noticed
that for large number of support nodes in the sub-domain, the
interpolation becomes unstable for these two schemes, i.e. RBF
interpolations and moving least-square method, due to the compu-
tational precision. In addition, for MLS method, quadratic basis
(m = 6) is selected. The distance of reference point is r0 = 0.0125b
in this example. Figs. 5 and 6 show the normalised stress intensity
factors K I=r0
ﬃﬃﬃﬃﬃﬃ
pa
p
and K II=r0
ﬃﬃﬃﬃﬃﬃ
pa
p
against the ratio of a/b for differ-
ent slant angle inclinations a = 0, 22.5 and 45 for uniformly dis-
tributed load. For moment bending problem, Figs. 7 and 8 show the
normalised stress intensity factors K I=M0
ﬃﬃﬃﬃﬃﬃ
pa
p
and K II=M0
ﬃﬃﬃﬃﬃﬃ
pa
p
. In
general, the moving least-square method gives more accurate re-
sults than radial basis function interpolation. The relative error0.0
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Fig. 5. Normalised stress intensity factor KI with uniformly distributed load.
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Fig. 7. Normalised stress intensity factor KI with moment bending load.g ¼ K I  K0I
 =K0I is less than 2% using MLS method and 6% using
RBF interpolation respectively, where K0I is results in Rooke and
Cartwright (1976).6.2. Parametric study
For mesh free method, there are few free parameters both in the
radial basis function interpolation and moving least-square meth-
od, such as parameter c in RBF interpolation, number of nodesN0 in
sub-domain and distance of reference point r0. All of them play
important roles in the numerical process. Because of these param-
eters, sometimes the numerical solutions become unstable and
inaccurate. Therefore, it is necessary to consider their effects to
the accuracy and convergence of stress intensity factor. Consider
same rectangular sheet in 6.1 of width b and length 2.5b with a
slant edge crack of length a subjected to a uniformly distributed
load r0. The Young’s modulus E is chosen as one unit and Poisson
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Fig. 8. Normalised stress intensity factor KII with moment bending load.
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Fig. 9. Normalised stress intensity factors KI,II various with free parameter c.
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Fig. 11. Normalised stress intensity factors KI,II various with number of node in the
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rectangular sheet into 0.05b  0.05b cells with 4  4 Gaussian
points in each cell. The slant angle of crack a = 22.5 and crack
length a = 0.4b. Fig. 9 shows the effect of free parameter c with
RBF interpolation if the minimum number of nodes in the sub-do-
main N0 = 10 and r0 = 0.0125b, where c = b/L. It indicates that stable
results can be obtained in the region of 0.1b 6 c 6 b. Variations of
stress intensity factors K I=r0
ﬃﬃﬃﬃﬃﬃ
pa
p
and K II=r0
ﬃﬃﬃﬃﬃﬃ
pa
p
against the dis-
tance between reference point to the crack tip r0 are shown in
Fig. 10, where the minimum number of nodes in the sub-domain
N0 = 10 and c = 0.2b for RBF interpolation. For both methods, the
numerical results are stable when 0.0125b 6 r0 6 0.0625b. Fig. 11
shows the effect of minimum number of nodes in the sub-do-
mainN0, when r0 = 0.0125b and c = 0.2b for RBF interpolation. From
these results, we found that RBF interpolation is stable in the
region 8 6 N0 6 16. However, the stable results using movingleast-square method could be found in the region of 10 6 N0 6 12
only. Therefore, we can conclude that the accuracy of MLS method
is higher than that by the use of RBF interpolation with proper
selection of free parameters and the stability of RBF interpolation
is much better than that of MLS method.
6.3. Crack growth modelling
Here we present the application of the proposed method to
modelling fatigue crack growth. The rectangular plate
(10 cm  20 cm) containing an inclined edge crack (2 cm) with
an angle 40 studied to allow comparison with Duﬂot and Ngu-
yen-Dang (2004), Kim and Lee (2007) and Portela et al. (1992). A
constant cyclic tension in the range from 0 to 40 MPa is applied
on the top and bottom side of the plate. The material property
0.0
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Fig. 12. Crack growth paths for different crack extension sizes.
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this proposed crack growth prediction, each crack extension con-
sists of different number of elements, i.e. for case 1: Da = 1.6 cm
and case 2: Da = 0.8 cm respectively in this example. For the
initial state, the stress intensity factors are determined as KI =
8.8549 MN/m1.5 and KII = 3.9675 MN/m1.5. The maximum principal
stress criterion is adopted together with the predictor corrector
algorithm proposed in Lucht and Aliabadi (2007) and Sladek
et al. (2009) to remove the dependence of the crack path to the size
of the crack extension. The ﬁrst crack growth occurs with angle of
hc = 37.84 to the crack tangential direction. Fig. 12 shows the
predicted crack growth paths for each case. Apart from the ﬁrst
crack growth, the mode II SIF is almost zero at crack tips for each
crack extension jKII/KIj < 104 and crack growth almost in horizon-
tal direction. It is clear to see the difference between these two
sizes of extension from Fig. 12 if we observe the path in the region
from 1.28 cm to 1.31 cm of vertical axis. However, the conﬁgura-
tions for these two cases are similar. The SIFs and crack growth
paths are in very good agreement with the results given by Duﬂot
and Nguyen-Dang (2004), Kim and Lee (2007) and Portela et al.
(1992) using the different approaches of crack growth path.
7. Conclusion
A new element free Galerkin variational method was presented
for modelling cracks in the context of linear elastic fracture
mechanics. Both radial bases functions and moving least square
approximations were implemented. The sensitivity of the stress
intensity factor solutions to different parameters was investigated.
The proposed was shown to be capable of accurately evaluating the
stress intensity factors for mixed-mode problems. The application
for the proposed method to modelling crack growth was also pre-
sented for the ﬁrst time. The crack growth path and the corre-
sponding SIFs were shown to be in good agreement with other
reports results.
Appendix A
Consider two cases: (a) cracked object with crack length a under
traction and displacement boundary conditions; (b) cracked object
with crack growth a + da. From Betti’s reciprocal theorem, the rela-
tionship between these two states can be written asZ
Cþda
tðaÞi u
ðbÞ
i dC ¼
Z
Cþda
uðaÞi t
ðbÞ
i dC ðA1Þ
Here we select uðbÞi ¼ uðaÞi þ duðaÞi and tðbÞi ¼ tðaÞi þ dtðaÞi . From elasticity
analysis, the singular stresses at the crack tip in case (a) and dis-
placements in front of the crack tip in case (b) arerðaÞ22 ¼
K Iﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p ; rðaÞ12 ¼
K IIﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p ðA2Þ
and
duðaÞ2 ¼
4ð1 m2ÞK I
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
da rp
E
ﬃﬃﬃﬃﬃﬃ
2p
p ; duðaÞ1 ¼
4ð1 m2ÞK II
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
da rp
E
ﬃﬃﬃﬃﬃﬃ
2p
p ðA3Þ
Therefore, we haveZ
da
r22duðaÞ2 dr ¼
ð1 m2ÞK2I da
E
and
Z
da
r12duðaÞ1 dr ¼
ð1 m2ÞK2IIda
E
: ðA4Þ
Considering dtk/da = 0 on the traction boundary, and duk/da = 0 on
displacement boundary andKII = wKI, one can obtain the mixed-
mode stress intensity factor KI by (Wen et al., 1997)
K I ¼ lð1 mÞ 1þ w2 
Z
Ct
duk
da
 
t0k dC
Z
Cu
dtk
da
 
u0k dC
  !1=2
ðA5Þ
where l ¼ E=2ð1þ mÞ.
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